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Page T7: The lmportant derivatives C]-_d and Cm& are obtained

incorrectly. The corrected values for these d.erivatives should read
as follows:

x4 E''(BC) — MPH(RC)

CLs = —3 W — 1 (ha)
E*'*(BC) ~ M2H(BC
Cmg = % (M%_l (50) (58)

The same correction should be made for these derivatives in table I
in the column "Principal body axes.™ In the column ®Stability axes™
of table I the corrected expressions are

o, = -2 E''(BC) — MPE(EC)

2 M2 -1

cg)E‘ t(BC) — M2H(EBC)

Cmg, = "%@.+8c M2 1

The error in the derivation consists in the assumption, carried
over from reference 1, that the surface potential, equation (3), is
not altered by a small normal acceleration. This assumption is true
for the narrow triangles treated in reference 1 but falls for ths
general triangles treated in the present paper. The assumption is

equivalent to the neglect of the time dependency texms =L @y
a

and _l-? ¢'t'b (where +t represents time and & is the speed of sound)
-1

in the linearized partial differential eguation for unsteady motlons:

’: aketa, l

i |||.|.l.| n -
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32¢J;x—¢yy_¢zz+_a‘2__g'¢xb+a_3_;é¢tt=o (a)
which legsves only the steady—state (Prandterlauert) equation

B — 9~y = O (b)

The correct potential to replace equation (3) must satisfy both
equation (a) end the boundary condition on the wing

@ZZ - | (c)

In an unpublished paper, Mr. Clifford S. Gardner has, In effect, shown
that a suitiable solution 1s

z

2 2
S - | (@)

where YV 1s the steady—state potential corresponding to a unit
pitching veloclty about the y—exis and X 1is the steady—state
potential corresponding to unit angle of esttack. Both ¢ and X
satisfy equations of the form (b). That equation (d) is a solution
can be verified by direct substitution into equetions (a) and (c).
Thusg, Gardner has shown that the time—depeondent potential for an angle
of attack &t may be compounded of two time—free, or steady—state,
potentlails, one for a constent angle of attack and the other for

gteady piltching.

The 1ift distribution at time + = O for the angle of-attack &t
is obtained from the potential by . ’

AP

29(V¢x + ¢t)

R
4 [M (02) s - bivz(ap)a;l_mj (o)

R
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where -
(AP) g=1 1if% distributlion for umit pitching velocity

(aP) 1 1ift distribution for unit angle of attack

LHP¥* valus of AP per unit & used in deriving the

incorrect equations (4) and (5)

Integration of equation (c) over the plan form to obtain the 1ift and
moment and reduction to coefficisnt Torm ylelds

Or,, = ¥5 O +232 T 2(0%)* (£)

Cmg, = Be Cmg * st—z f (;P) ox dy - 2( >* (g)
lan o=1 .

form ’

where the * deslgnates the incorrect values in equations (4) and (5)
respectively, and the y—axis is teken through the center of gravity.
Values of Cy, , Cmu,’ and C,, , may be obtained from table I

and (ch)* and (Cma)*’ from equations (4) and (5). The

quantity <ié—r;2-> is obtalned by setting a =1 and a = C(—%— c + x)
Lov
\e a=1

in equation (1). Substitution and integration then yields the T

corrected values for Cr, and Cp, (equations (Le) and (52)) as set _
forth at the beginning of thls erratum. o
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Page 14: The mection entitled "IERIVATIVES CYB, CnB’ Cy., and Cp”

and the part of table I in which these derivatives are presented have
been found to be in error. The null result deduced for these
derivatives (in the neglect of friction dreg) is incorrect as & result
of the omission of a compreseibility factor in the treatment of the
lesding-edge suction force. Thus, on page 14 (last sentence of

first paragraph), the remark that the initlelly symmetric distribution
of leading—edge suction persists in sideslip (for small values of
sideslip) is e misstatement. The initially .symmetric distribution of
leading-edge velocity vperslsts In sideslip, but compressibility upsets
the symmetry of the leading—edge suctlon. According to equation (17)
the suction per unit length of edge is '

£ = k2 \1 — M2 - .

For infinitesimal sideslip the constant X, related to the edge
velocity, is unchanged, but M', the component Mach number perpendicular
to the edge, is altered: M' Increases on the right edge and decreases
on the left edge. The error under discusasion conslsts 1n the neglect

of the change in M', : -

Because of the change of M' with sidesliﬁ angle B the édé;
suction may be written - :

f=f=+;3-i> (21)
B=0 9B/a-0
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By differentiation of equation (17), with X constant and
M' = M gin(e £ B), there results -
. -~ (M Zcot¢ | “ N
£ = f_o F Bfp=of T —25* (22)
: 1-M
o p=0 P
- xa
where the upper part of the double sign refers to the right edge and
the lowel part to the left edge.
The gquentity fB—O 1s obtalned by setting p = O in the last
equation of page 12: -t - ‘j_;
. Tg=0 = > 3
| 2 [E* (50} . =
Substitution of equation (23) in the last term of equation (22) and
simplification, with tan ¢ = C, ylelds - e
V2aPxCEME
£ =fp0FB LT (24)
2[E*(Bcﬂ \/1 — 327 ,
Equation (24) gives the suction per unit length of edge for a
trianguler wing with an angle of sideslip B. _ e
For the case of a small anguler .velocity of yawing r the edge
suction mey be approximsted by . e
f=1f.o+r <§f-> B
where f,._g ~1s the same as ﬁ——o—and is'- glven by equation (23). If the -
center of rotation is (30, 0, 0), the componen'b Mach number normal to the
edges 1s — =~ - = : _ o - ;ﬂ—;‘;

r _ + rf2 - )
M _Msine V(BG cos € X sec e]

N

]
HI
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Thig value of M! 1s to be incorporated in equation (17) for £

before carrying out the indicated dlfferentiation -g—i The final result is

r
( %c -X seoze> :rQch,ExCEM2
f=7 Fr

p=0 .
2[E*(80) |2 V1 - 522

The suctlon equabions (24) end (25) have been used in procedures
gimilar to those presented on page 13 to yleld corrected values of
the stability derivatives CY s C_ Cy_. , and a correctlon term to be

added to the right—hand side of equation (20). The results are
incorporated in a correction to table I in the columm labeled
"Principal body exes". Since one or another of these four derlvatives
figures in their transformation to stability axes, several of the
equations in the columm of table I labeled "Stability axes" have also
required correction. ' ’ '

(25)

The yawing derivatives CYr and Cnr as corrected herein are

gtill subject to the uncertainty inherent in the limitatione of the
linearized theory for yawing motion polnted out on pages 9 and 10.

e 18: Formulas for C C C and should be
Pag ng’ "Ny’ “Op’ GYﬁ’ GYP’ ch ]
changed to read as shown in attached correctlon to table I.



Corrected version of part of table I following the derivative Cy e
r

(fi?“flg,‘: Principal Body axes Stability Axes \
Deriva.‘f;i'm dor 1ved , (origin at %c) ,i (Origin at distance Xog ahead %C point /
herein) e
2
C o 1 Ac
ng %8 L o2ACMPQ(BC) 3 |EE (BC) + < g )MQQ(BC):I
1, A |l s A, 8 & ~ A - 1,k
Cnp <9A + )J(BC) m,[:<9A YRR )J(BC) I(BC):l Q'CDO<6 + S22
1 ) 2 §_ cg [ " - il
_0D0<1 _A_) _%<_+_>_m<9 + A __)E (BC) — J(BC
Torm 1n Cp, 6 9A2 0\6 ~ ga2 A 16 9 T
G
o, derived in 0.0
reference 1. |— —“—“’Sﬁ@- + % + %%Q(BC) - 1o 3% 1(BC) —~ m9M <q + z;g A %ﬂ + % %Q(BC)
Oty ~ § aPaq(B0) ~ ¥ a®AMQ(EC)
C 2r0 21
T, 3 J(BC) 3 J(BC)
Cy 2" 22929 (B0) 2na

2 [_ J(BC) + (’% + %—%MQQ(BC):,

vhere Q(BC) =

Et!(BC
1 - B¢

is a new function,

)
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TECHNICAL NOTE NO. 1572

-~ STABILITY DERIVATIVES OF TRIANGUIAR WINGS AT
SUPERSONIC SPEEDS

By Herbert S. Ribner and Frank S. Malvestuto, Jr.
SUMMARY

The analysis of the stability derivatives of low-aespect—ratlo

riengular wings at subsonic and supersonic speeds, given in NACA TN

‘0. 1423, is extended to epply to triangular wings having large vertex

1gles end traveling at supersonic speeds. The 1iftt, rolling moment

2 to sideslip, and damping in roll and pitch for this more generel .
cese have been treated elsewhere on the basls of the theory of small
disturbances. The surface potentials for angle of attack and rolling
taken therefrom are used to obtain the 1ift due to downwerd ecceleration,
the several slde—Torce and yawlng-moment derivetives that depend on
leading~edge suctiony, and a tentative value for the rolling moment due
to yawing. All the known stability derivatives of the triengular wing
et supersonic speeds, regardless of scurce, are summarized for convenience
and presented with respect to both body axes and stebllity exes. The
resulte are limited to Mach numbers for which the triangular wing is
contained within the Mach cons from its vertex. The spenwise varistion
of Mzch number in the case of yawlng is neglected, although the sffect
must be of importance.

INTRODUCTION

An earlier investigation (reference 1) has provided theoretical
stability derivetives of low—aspect—ratio wings of triengular plan form
at subsonic and supersonic speeds. The rsstriction to low aspect ratio
was a consequence of the limitations of the theory., Several Investigators
have sl iwce obtalned pressure distributions for angle of attack, rolling,

itchin, , and sideslip at supersonic speeds (references 2 to 6 and S

1publir “ed enalyses), without restriction to low sspect ratio. These

wivati s have employed varients of the lineer theory of supersonic
ow end ave, In fact, constituted importent steps in the development
the 1 ory.

If the rotations ere teken about the vertex, the pressure distribu-—
on for each motion in the more general case is found to have the same )
,hape s the corresponding low—espect—ratio spproximetion, so long as
the trisngular wing is contained within the Mach cone from the vertex,
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The magnitudes differ by factors which are functions solely of the ratio
of the tangent of the semivertex angle of the triangle to the tangent of
the Mach angle. The same similarity exists between the distributions of
surface potential. It is thus relatively simple to extend most of the
derivations of reference 1 to remove the restriction to low aspect ratio
for supersonic speeds. Such an extension is made in the present paper.

The lift—curve slope, the damping in roll and pitch, and (in effect)
the rolling moment due to sldeslip have been evaluated in references 2
to 6, go that the principal contributlons of the present paper are the .
geveral side—force and yawlng-moment derivatives and a tentative value
of the rolling moment due to yawing. All the known stabllity derivatives
of the trlangular wing at supersonic speeds, regardless of source, are
collected hereln for convenlence and presented with respect to both body
axes and stabllity axes. Wings with dihedral are not treated (although
they were included in reference 1) and the results are limited to Mach
numbere for which the wing is contained within the Mach cons from its
vertex,

SYMBOLS

X,¥,2 - rectangular coordinates (fig. 1)

u,v,w incremental flight velocities along x—, y—, and z—exes,
regpectively, figure 2; induced flow velocities along
X—, y—, and z-eaxes of figure 1, respectively

Psq,r angular velocities about x~, y—, and z-axes, respectively,
) figure 2

flight speed

stream Mach mmber (V/Speed of sound)

M? component Mach number normal to wing leading edge 2
\/l + Cé
B cotangent of Mach angle (\/Eﬁ - l’
o« angle of attack (Flight w/V)
B engle of sideslip (Flight v/V)
€ semivertex angle of triangle -

T Mach angle Got—l \/Mz - l>
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AP locel pressure difference between lower and upper surfaces of
airfoil, positive in sense of a lift
o] denslty of air
a semiwidth of triangle at distance x from vertex
b span (base of triangle)
c root chord (height of triangle)
b/2
[ mean serodynamic chord | T = g (/:) (Local chord)? dy = %c)
da _A _ D
o i (32224 -1)
A aspect ratio (c@)
S ' area of triangle (%'bc)
¢ velocity potential
= -1 ¥
7 = cos &
k = \/1 - 8%?2
E'(BC) camplete elliptic integral of the second kind with
2 \’ 2
modulus kj J'a 1—k251nzd.z
: 0
F*(BC) complete elliptic integral of the first kind with
.4
modulus k; f 2 dz
0 \/l — k2gin2z
E"(BC) =
E*(BC)
2
G(BC) = 1 - BC

(1 — 2B2C2)E*(BC) + B2C2F*(BC)

H(BC) = 3G(BC) — 2E"(EC)
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2
I(8C) = 2(1 - B2c2)
(2 — B2C2)E*(BC) — B2C2F*(BC)
" 2,2
J(BC) = E"(BC)I(BC)\/1 — BC
X constant defined in equetion (16) .
N yewing moment
Y lateral force
T suction force per unit length of edge
Lift
C I 1ift coefficilent 1
pvzs
c pltching-moment coefficient —i—tﬁmnﬂ-m
m 2
pVesSe
Roll ot
c, rolling-moment coefficient [ —orrog MOIO
i pVas'b
Cn yawing-moment coefficient
= pv23b
CY lateral—force coefficient
z p72$
2
c profile—drag coefficient [ frofile drag
Do 1 2
5 oV S
N induced surface velocity normel to wing leeding edge
8 perpendicular distance of point (x,y) from wing leading edge
' X g dlstance of center of gravity forward of %—c
Subscxripts:
R right edge
L left edge

i
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Whenever «, a, q, P, B, and r are used as subscripts, a
nondimensional derivative 1s Indicated and this derivative is the slope
through zero. For exsmple,

. [ 3, . x, X,
B | my G =
&) &) " @)

B &/ a0 | \@V/}lq—0 &V/ p—o
[ | x|

C = ——z- Cz = Z -

' %8 |p—o r a(%’)

: R

A dot above a symbol denotes differentiatlion with respect to time.

All engles are measured in radians,

ANALYSIS

SCOFE

The stability derivatives of triangular wings at supersonic speed
that have been treated theoretically herein or elsewhere ere listed in
teble I, together with the expressions that have been found for them.
All the derivations make use of body axes. The derivations that follow
glve the values with reference to the préncip body axes of figure 2
with origin at the aserodynamic center (gc, O_:%). Conversion hes been

made to the system of stabllity axes shown In figure 3 with origin a
distance xcg ahead of the 3 point. Table I comprises parallel columns

which present formulas relative to both systems. The expressions are
limited to Mach numbers for which the triangle is contained within the
Mach cone from its vertex.

DERIVATIVES C C and C
Ly "Ly’ me,

The pressure distribution on a thin delte wing at an angle of attack
in a supersonic streem has been obtalned in references 2 to 4 by the
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lingarized theory without restrlction on the vertex angle of the triangle.
The apprcximation originally glven for the slender (low-espect=ratio)
triangle (reference 7) and used as the basis for reference 1 is found to
apply to the general case upon division by a constent (an elliptic integral)
that depends on the ratio of the semivertex angle to the Mach angle. That
1s,

AP - _haCm -
2 o7 E'(B0)\fa? - 52

where E'(BC) is the complete elliptic integral of the second kind with

modulus
\/1-3202
Vi@ -9

Thus the lift—curve slope for the more general case 1s the value given by
references 7 and 1 divided by E*(BC):

(1)

W
it

A
G, = ———
(o4 EE'(BC)

g AE" (BC) | | (2)

The surface potential given in equation (3) of reference 1 is likewise
extended to include nonslender .triangles at- supersonic speeds upon division
by EY(BC). The revised potential is

(Bagno - £ 122 2i0 0

E'(BC)
2
Vo a8 -
=ZI s (3)
E*(BC)
The elliptic integral E'(BC) depernds only on the paramster BC = %gg—i

(ratio of the tangent of the semivertex angle of the delta wing to the

L'i' Ii .

W
H
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tengent of the Mach angle) and 1s therefore a constant for a given wing
at a glven speed. The derivations in reference 1 for CL and Cm&,

]

which are based on the potential @, thus merely acquire a factor
E" (Bc) = —-L_ H ’
E* (BC) "
CL& == E"(BC) (k)
o - ,:A. "
Cm&' 12 E"(BC) (5)

DERIVATIVES Cp ch, end czp

The derivatives Cmq, Cr, s and C.L are derived in reference 5.
q P
With respect to the axes of figure 2

3xA

O = = 2= 6(80) (6)
L - Z m(zc) (7
Oy " " 2 1(20) (8)
where
6(%) - (1 - 23202);'-(-132?03 B2C2F*(BC) (9)
E(BC) = 3G(BC) —~ 2E"(BC) (10)
1(8c) = 20 — 3%%) (11)

(2 — B2c2)E*(BC) — B2C2F*(BC)
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and F'(BC) and E*(BC) are the complete elliptic integralg of the first
and second kinds, respectively, with modulus k = /1 — B%g

DERIVATIVE C 1
B

The pressure distribution over a thin delta wing in yaw (sideslip) at
an angle of attack at supersonic speed has been cbtained in reference 6
and unpublished work. If the angle of yaw is assumed to be small B < # R

the rolling-moment coefficient can be expressed in the approximate form

~o X "
¢, x— 2 E"(30)

Thus, the derivative with respect to B 1s

cIﬁ = - ’3’—“ E"(BC) (12)

An slternative derivation based on the surface potential, equation (3),
for the unyawed wing will be given becazuse the method provides the starting
polnt for a derivation of C; , C, , and C, .

r By ¥,

The potential for the disturbence velocity mey be expressed relative
to axes alined with the stream (wind axes) or wlth respect to axes that
yaw with the body (body axes). For small angles of yaw 23 << I\J;)’ the

linearized equation for the potential has the same form relative to either
system of axes. The potential 1s determined by the normal velocity of
points of the surface and by the orientation of the surface; for
negligible thickness, this normal velocity is Jjust oV Pfor all angles

of yaw. The potentlal expressed relative to wind asxes thus varies as

the wing yews relative to these axes. The potential expressed relative
to body axes is constant for small yaw because the orientation of the wing
relative to the axes does not change.

For wind exes, Bernoulli's law has the form

- oo &
AP = 20V =

and the chsnge in the pressure distribution with yaw results from the change
in the potentlal functlon with yew. For body axes with small yaw,
Bernoulli's law has the approximate form _
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AP = 2&(%1; -8 %@ (13)

and the change in pressure distribution with yaw results from the
term -8 %g since @ does not changs.

In reference 1 in the section entitled "DERIVATIVE c, ," the
B
derivation employs body axes and equation (13) of the present paper.
The surface potential used (equation (3) of reference 1) is the
epproximation for narrow vertex sngle. Equation (3) herein for a
general vertex angle may be used instead. Equation (3) herein differs

only in the factor 1/E%(BC), whence the earlier expression for c,

(equation (19), reference l,with I = 0°) acquires this factor to agree
with equation (12).

DERIVATIVE C
ZI'

The foregoing discussion of the triangular wing in yaw (sideslip)
may be extended to provide a preliminary trestment of the case of =a
small angular velocity of yaw r. The corresponding extension for
narrow vertex angle is made In reference 1. The treatment is general-—
1zed to an arbitrary vertex angle for supersonic speeds,as before, by
using equation (3) herein for the surface potential. Two changes then
appear in the pressure equation, equation (20), of reference 1, The
right—hand side :I.sod_ivid.ed by E'(BC), and the term al = xC2 must be
retained, since C= 1s no longer small compared with unity (C = tangent
of semivertex angle). With these changes, the derivation leads to

1 A
= = + 2 \E"(BC
Czr o (9A + l6> (BC) . (1%)

In the derivation of equation (1L), the spanwise varistion in local
Mach number caused by yawing is not taken into account although the
varlation in forward speed is taken into account. The surface potential
that 1s used, equation (3), satisfies the linearized equation for a flow
of uniform Mach number. This potentlal is inadequate to describe the
compressibility effects assoclated with a spanwlise variation of Mach
number,

Thus, consider a high-espect-—ratio rectangular wing with tips cut

off along the Mach linss, In straight flight the Ackeret theory can be
applied. The pressure difference is given by
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epuz(Speed of sound)2

Ve -1

In yawing flight the forward veloclty varies linearly elong the span. If
the rate of yaw 1s made sufficiently low, the variation from wing tip to
wing tip can be made so small that the flow 1s still nearly two-dimenasionsl
at any point. Thus the Ackeret theory is still applicable if the local
Msch number 1ls used at each spanwise station.

AP = a (15) .

The varlation In pressure with local Mach number can be obtainsd from
equation (15). As the Mach number is increased, the pressure decreases
from infinity et M =1 +to a minimum at M = 1.4 and then increases again.
Thus below Mach number 1.4 the faster moving sections of the yawing wing
have the lesser 1ift. This result 1s contrary to subsonic behavior and to
that which would be predicted if the spanwise variation of Mach number were
neglected. Thus the spanwise varlation of the compressibility effect causes
a reversal of the gign of the rolling moment due to yawing for rectangular
wings at Mach numbers between 1 and 1.4, and at M = 1.4 the moment is
zero. (This result refers to yawing in a system of stebility axes, fig. 3.
For body a:)oes, fig. 2, the effect is similar but the reversal extends
to M= o '

A yawing triangular wing may be expected likewise to show an effect
of the spanwlse varlation in Msch number. If the triangle is contained
within the Mach cone from its vertex (the only case considered in this
paper), however, the effect should be very much less than for the rec—
tangular wing. In particular, where the predicted effect for the rec— -
tangular wing is a reversal of the sign of the rolling moment, the effect
for the triangular wing ls expected to be merely a change in the magnitude.
A reversal in sign is not expected until the edges of the triangle protrude -
from the Mach come. This behavior is inferred from the fact that the
analyses of references 2 to 7 show meny subsonlc characteristics for
triangles wlthin the Mach cone and a marked chenge In characteristics for
triangles with slde edges outside the Mach cone.

DERTVATIVES C. and C
¥p Dp

Extensive changes are necessary to generalize the treatment of CYP

and Cnp in reference 1 to arbltrary vertex angles for supersonic speeds;
therefore, the revised derivation 1s given in detail. .

The derivatives CY and. C% relative to body axes for =z very
P

thin delta wing without dihedral erise entirely from suction on the wing
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slde edges. Consider a condition for which the induced velocity normal
to the edge 1s of the form

=+

vy = (16)

BLis

in the immediste neighborhodd of the edge, where & 1s the perpendlcular
distence from the edge and X 18 a constant. Reference 3 points out
that for such a flow there is a suctlion force per unlt length of edge,

£ = qpkS \f1 — M12 (17)

so long as the delta wing does not protrudes from the Mach cone from its
vertex. In equation (17), M?' 1is the Mach number of the ¢ nent of
the stream flow normal to the leading edge. The radical 1l -~-M is
the Prandtl-Glauvert compressibllity factor for the normal component of
flow. Equetion (17) is limited to real values of the radicel by the
condition expressed for the Mach cone.

For the delta wing in rolling motion the induced veloclty component u
has been obtained in reference 5 as

=+ pyC>

ul = I(BC)
o\ [c2 - (-‘Z

X

Angle of attack gives the additional contributlon (reference 2)

Ve : e
u, = +
[ ] 2 -
E (BC);;C (%)5

The total induced veloclity on the upper surface 1s thus the sum of uy
and u, with the plus sign

Very near the side edge this velocity 1s approximately
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03/2 oV

n = — + X 1(pc)
;7220 - ’%l) E*(BC) 2

where the plus sign refers to the right edge and the minus sign to the left
edge.

If a similar calculation 1s made for v = g, it 1s found that as

the side edge is approached the resultant induced velocity u? + v2

becomes normel to the edge. Thus the normal velocity near the edge is

=\Il+cau

The perperdicular distance of point (x,y) from the side edge is

x(fc - |
x

\/1+ CE‘

The resultant induced velocity very near the edge may therefore be
expressed approximately as

[ I(BC)pC (1 . )J./h( ALz

x E*(BC)

which 1is of the form of equetion (16). The suction force per unit length
of edge is from equation (17) thus

2 220202

where the plus sign refers to the right e and the minus sign refers to
t dge. The factor (1 + c2)(1 — M*'2) can be reduced to
1 —~ B=Cc, where B2 = M2 — 1,

The lateral component of this suction force is given by _
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Y=./;c (fR—fL)dx

I(8C) \/1 — 27
E*(BC)

= % pCac3cr.Vp

The lateral-—force coefficient is formed by division by % pvzs, and
the derivetive with respect to pb/2V is the stabllity derivative CYP.

It is
c. . 2ma I(BC) \/1 ~ B%® (18)

p 3 E*(BC)

The yawing moment of the leading-edge suction sbout the vertex of
the triangle 1s

v [ (en-m) 2T Pl )

1(BC) \J1 — B%C?
E'(BC)

Wi

- E pCech'cr,Vp(l + Ce)

The moment about the reference point (—g-c ,O,o) is

N

"

2

1(Bc) \J1 — B2
E*(BC)

- ngch'cr.Vp(l + 9C2)
36 .

The yawing-moment coefficient 1s formed by division by %— pVESb, and

the derivative with respect to pb/2V is the stebllity derivative Cnp
It is

A 14\ I(Bc)\1 - B2 '
Cn_p = - Itd.(;; + E) (19)

E'(BC)
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N
“DERIVATIVES C C and C
/ YB, ) nB’ nr
/ /. \
Accord&ng to the discussionyon C small angle of yaw or

/ lg’
sideslif" (ﬁ << !];'!) does not/’é.lter the surfa
releti¥e to body axes. As & consequence the iniuced velocity distribu— i

tion‘is unchanged. Thus ;ﬁe Initially symmetric‘ istribution of leading—;
edgé suction persiasts in‘sideslip, and the derivatlves CYB and. CnB ///

aye zero. /s

The surface po /;tial relative to body axes is I)gizise una%}arﬁgfin
the first appro tion by a small angular velocity of . /Accordingly,

potentiel expressed i3

/ Iinsofar as the préssure forces are concerned, the deriva§4v3§ ch' and Cnr

are zero. Sub bnic experience, however, suggestg'aﬁ;appr;égable

Cnr—derivativ (demping in yaw) from profile drsg. This ing derivetive

has been evegduated in reference 1 as

/ ¥ ,'/ '\“'
’_)’ "/, l h \
. C., = S —— N\ (20)
AN 9A2) \

RESULTS AND DISCUSSION

The formulas that have been obtalned for the verious stabllity
derivatives are collected in table I. Derivatives obteined elsevhere
are included for completeness, and the source 1s Indicated in each
instence. Expresgsions are given for two systems of coordinate axes.

In the first colum are shown the derilvatives relatlve to the principal

body axes of figure 2 with origin a dlstance %c from the vertex of the
triangle. In the second column are shown the resulte relative to

stability axes with origin a dislance xég ahead of the %c point.

The relationship between the two systems of axes 1a shown in figure 3.
Equations for transforming from body axes to stability axes are given
in reference 8; the shift in origin results in additional terms.

In the transformation of the present results from principal body
axes to stability axes terms of order A2/16 "and the more important
terms of order of are retained (see footnote, table I), whereas in
reference 1 such terms are dropped as a consequence of the narrow vertex—
angle arproximstion. Co -

1
[



NACA TN No. 1572 15

These results for an arbitrary vertex angle may be compared with the
asymptotic values for the case of vertex angle approaching zerc given in
reference 1. The present results for principal axes are found to differ
from the asymptotic values (except for small terms in A2 and o ) only
<in the acquisition of certain factors which are functions of BC. Thus
the asymptotic values for CLa’ CL&’ Cmq, CZB; and Czr are multiplied

by E"(BC); C, is multipllied by G(BC); C;, is multiplied by H(BC);
. q _

Cz is multiplied by I(BC); and cn and Cy are multiplied
b
py L(BC) N1 = B2 = J(BC). The parameter BC = 21 € 1g the ratio of

E*(BC) tan p

tangent of the semivertex angle of the triangle to the tangent of the .
Mach angle. BC approaches zero, therefore, as the vertex angle approaches
zero. The several functions E"(BC), . . ., J(BC) all approach unity

as BC approaches zero, and thus the derivatives obtaeined herein approach
the asymptotic values of reference 1 as the vertex angle goes to zero.

The variation of these stability derivatives with Mach number is
contained entirely in the factors E"(BC), . . ., J(BC). The five

factors are plotted against BC = %ﬁi—i, the ratio of the tangent of
o -

the semivertex angle to the tangent of the Mach angle, in figure L.

The derivatives-apply to a wing of triangular plan form and zero
thickness. The calculations are based on the assumptlion of potential
flow with small disturbances, except in the case of the derivative Cnr’
in which skin friction is considered. The predicted infinite negative
pressure acting on an edge of zero thickness to yleld a finite suction
force is, of course, a mathematical idealization. (The local violation
of the assumption of smell disturbances is not serious.) Subsonic
experience indlcates that with a sultably rounded edge a considerable
leading—edge suction force maey be realized in practice, with the
theoretical value an upper limit. On the other hand, a sharp leading edge
is known to cause loss of the leading-edge suction. The requirements of
extreme thinness and a rounded leading edge (that is, appreciable radius
of curvature) are evidently in conflict. Thus the degree of applicability
of the yawing-moment and laterasl-force derivatives to actual triangular
wings is uncertain. A further limltation on validity, already elaborated
on in the section on Clr’ exists also for the derivatives with respect

to yawing velocity. The analysis neglects the spanwise variation in
Mach number caused by the yawing (but not the spanwise variation in
velocity). The result is an error in the magnitude of the yawing
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derivatives that is expected to vary from zero for BC—»0 to an important
amount for BC—>1.

The votential ¢ satisfies the linearized equation of motion for
the steady state but not the more general linearlzed equation for unsteady
motion, This circumstance implies that the present expressions for the
stablllity derivatives are sultable only for steady motions, motions with
small accelerations, or sinuous motions of low frequency. This limitation
is accepted in all stebllity work and may become serious only in cases of
high-frequency oscillations such as flutter.

Lengley Memorial Aeronauticel Leboratory
National Advisory Committee for Aeronautics
Langley Field, Va., November 6, 1947
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TABLE I.— STABILITY DERIVATIVES OF THIN TRIANGULAR WINGS AT SUFERSONIC SPEEDS

Derivativel (1f not darived | T pel body Sxo8 ety axes’
Borein) (origln at §c) Grigin at digtance x . ahead of §c _poln;.)
cLG References 2 to uf - % £"(BC) !: E"(BC)
&, 22 g"(rc) ZA g7 (3c)
ch Refarence 5 % E(BC) % K(BC) + xA x—;_ﬁ E"(BC)
c‘“c. Refarences 2 to & 0 - 52‘ :%ﬁ E"(BC)
Cny, - iz E"(3¢) - ﬁ 14+8 x—;ax'(nc)
c'q Reference 5 - g;—“ a(BC) - Elé a(xc) - H x°‘ H(BC) — xA —’; E"(BC)
¢ Refarence 6 - ‘?" E"(BC) - laﬂ £"(BC)
c,p Refarence 3 --'3‘-"5- 1(8C) - 3— I(BC) + —— 1+8 3) [r*(zcy - :(bci]
o ‘ xa@i + IAG) X" (3C) m[(—97 + - + _—"ﬁ ™(nc) + 2 r(nc} wbo(é )
uy 0 | 222 g (3c)
%, —qq,% + A 7(2c) - m[( ) J(ec) - 2 I(Bc] acp | 3 ”2)
Gy, | meference 1 - c,,ﬂ(% + %E) on (3 ”,‘) 2(-1- +2. L iﬂ)[:"(nc) - atse) - we? 2 10009
%y o o
crp 2;‘ J(ec) %‘ J(3¢)
c,r [] - 23L2 J(BC)

11» the transformation from body axes terms of order o® have been neglected in comparison with unity, but terme of

order

a?/A have been retained, since they may be appreclable for emall values of A.

NACA
L

-
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Figure 1.- Axes and notatlion used 1ln analysils,

w,2

Pigure 2.~ Velocitles, forces, and moments relative to
principal axes with origin at gc.

3

FPigure 3.- Velocities, forces, and moments relative %o
stabllity axes with origin at %c - Xege Princlipal

axes of flgure 2 dotted in for comparlson.
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. J(BC)

£'(BC), ..
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€
o Mach line
S,
————
] -7 (BC)
| T —
8 N \\ ' .
\ \\VE E
6 \ ' |
4 N '
P \ \
NACA, V(BC) \
% z £ @ 3 /0

Figure 4 _. Ellptic integral ractors of the

stabi/ity derivat/ves That determine

therr varraton with Mach number:

(See Table T.)



